Abstract. We study the long time dynamics of the Schrödinger equation on Zoll manifolds. We establish criteria under which the solutions of the Schrödinger equation can or cannot concentrate on a given closed geodesic. As an application, we derive some results on the set of semiclassical measures for eigenfunctions of Schrödinger operators: we prove that adding a potential to the Laplacian on the sphere results on the the existence of geodesics γ such that δ γ cannot be obtain as a semiclassical measure for some sequence of eigenfunctions. We also show that the same phenomenon occurs for the free Laplacian on certain Zoll surfaces.
Introduction
In this article we are interested in understanding the dynamics of Schrödinger equations and the structure of eigenfunctions of Schrödinger operators on Zoll manifolds. Recall that a Zoll manifold is a smooth, connected, compact, Riemannian manifold without boundary (M, g) such that all its geodesics are closed. This means that, for every x in M, all the geodesics issued from x come back to x. Thanks to Theorem of Wadsley (see [4] -section 7.B), the geodesic flow ϕ s acting on the unit cotangent bundle S * M of such a manifold is periodic, meaning that all its trajectories have a minimal common period l > 0.
1 Using the terminology of [4] -chapter 7, we will say that the metric g is a P l -metric, or that (M, g) is a P l -manifold. Similarly, in the case where all the geodesics have the same length l, we will say that g is a C l -metric or that (M, g) is a C l -manifold. The main examples of C lmanifolds are the compact rank one symmetric spaces (that we will sometimes abbreviate by CROSS) and certain surfaces of revolution -see chapters 3 and 4 in [4] . It is also known that the set of C l -metrics on S 2 that can be obtained as smooth deformations of the canonical metric is infinite dimensional and contains many metrics that are not of revolution. The characterization of such deformations is a remarkable result by Guillemin [22] .
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1 Note that this does not mean that all the geodesics have length equal to l. There may exist exceptional geodesics whose length is strictly smaller than l, the Lens spaces (quotients of S 2m−1 by certain finite cyclic groups of isometries) provide an example of this -see Ex. 2.43 in [27] .
Our goal here is to understand the long time dynamics of the following Schrödinger equation: (1) i∂ t v(t, x) = − 1 2 ∆ g + V (x) v(t, x), v| t=0 = u ∈ L 2 (M), or the behavior of eigenfunctions:
in the high-frequency limit λ → ∞. As usual, ∆ g is the Laplace Beltrami operator induced by the Riemannian metric g on M, and we shall assume that V is in C ∞ (M, R). The study of the spectral properties of the operator − 1 2 ∆ g + V in this geometric context is a problem which has a long history in microlocal analysis starting with the works of Duistermaat-Guillemin [14, 23, 24] , Weinstein [51] and Colin de Verdière [9] . Many other important results on the fine structure of the spectrum of Zoll manifolds were obtained both in the microlocal framework [25, 47, 48, 53, 54] , and in the semiclassical setting [8, 28, 26] -see also [30, 31] in the nonselfadjoint setting.
In this this article we use similar techniques to those that were originally developed in order to study of the spectrum of Schrödinger operators to actually provide some results on the long-time dynamics of the Schrödinger evolution (1) and the structure of high-frequency eigenfunctions (2).
Concentration and non-concentration of eigenfunctions.
Let us start by describing our results in the context of eigenfunctions of Schrödinger operators, as they are somewhat simpler to state. We are mainly interested in analyzing how the mass |u| 2 of a high-frequency eigenfunction satisfying (2) distributes over M. More precisely, consider the set N (∞) of probability measures in M that are obtained as follows. A probability measure ν belongs to N (∞) provided there exist a sequence of eigenfunctions (u n ) : Measures in N (∞) therefore describe the asymptotic mass distribution sequences of eigenfunctions (u n ) whose corresponding eigenvalues tend to infinity. The problem of characterizing the probability measures in N (∞) has attracted a lot of attention in the last forty years.
In the case of Zoll manifolds, it is well known that N (∞) is contained in N g which is, by definition, the closed convex hull (with respect to the weak-⋆ topology) of the set of probability measures δ γ , where γ is a geodesic of (M, g). Recall that where l denotes the length of γ and the parametrization γ(s) has unit speed. In the case of S 2 endowed with its canonical metric, it was proved that a "generic" orthonormal basis of eigenfunctions satisfies the quantum unique ergodicity property [52, 49] . In particular, in this case, the normalized Riemannian volume is the only accumulation point of the sequence of eigenfunctions under consideration. Note that quantum ergodicity properties were also proved recently for sequences of eigenfunctions on S d satisfying certain symmetry assumptions [36, 7] . Yet, there are in fact some situations for which one has N (∞) = N g , which is in a certain sense the opposite situation to quantum ergodicity. Jakobson and Zelditch proved in [35] that this holds when (M, g) is the sphere S d equipped with its canonical metric g = can and the potential V vanishes identically. This was also shown to hold for general Compact Rank-One Symmetric Spaces (see [37] ) and for any manifold of positive constant curvature (see [3] -this analysis relies on the study of eigenfunctions of the canonical Laplacian on the sphere that are invariant by certain groups of isometries); in both cases one has to assume that V = 0. To the authors' knowledge, the question of whether this is always the case when the potential V does not vanish identically or when (M, g) is a Zoll manifold that is not isometric to a CROSS remains open.
Here we answer these questions by the negative. It turns out that these regimes are somewhat intermediate between the quantum ergodicity results and the results on a CROSS. Let us first introduce some notations. Denote byT * M the cotangent bundle of M with the zero section removed. The Radon transform of V is defined as
Above, π : T * M −→ M stands for the canonical projection, ϕ τ is the geodesic flow of (M, g) acting on the cotangent bundle, and l is the minimal common period of the trajectories of
is zero-homogeneous with respect to the variable ξ. We shall consider the projection onto M of the set of critical points of the Radon transform of V :
. Then every ν ∈ N (∞) can be written as:
where f ∈ L 1 (S 2 ) and ν sing is a nonnegative measure supported on C(V ). When C(V ) consists in a finite number of geodesics γ 1 , ...γ n then one has:
for some c j ≥ 0. Remark 1.3. Note that the condition on C(V ) in Theorems 1.1 and 1.2 is non-empty as soon as the Radon transforms I g (V ) is not constant, which is the case generically if, for instance, (M, g) is the 2-sphere endowed with its canonical metric -see e.g. appendix A of [22] .
Our third result on eigenfunctions deals with Zoll surfaces that are not isometric to (S 2 , can). Recall from chapter 4 in [4] that the C 2π -metrics of revolution on S 2 are precisely those that can be written in spherical coordinates as:
where σ is a smooth odd function on [−1, 1] satisfying σ(1) = 0; such surfaces are also called Tannery surfaces. Combining our methods to some earlier results by Zelditch [53, 54] , one can prove the following result for C 2π -surfaces of revolution on S 2 :
Then there exist infinitely many geodesics γ of (S 2 , g σ ) such that ν(γ) = 0 for every ν in N (∞). In particular, δ γ ∈ N (∞), and
The proof of this result will be given in paragraph 3.4. Theorems 1.1 and 1.2 will also be proved in Section 3; they are obtained as a consequence of our analysis of the time-dependent Schrödinger equation.
1.2. Long-time dynamics for the semiclassical Schrödinger equation. Our analysis of the time-dependent Schrödinger evolution fits in a natural way in the semiclassical framework. There will be three scales involved: the characteristic scale of oscillation of the solution , the size of the perturbation ǫ 2 and the time-scale τ . Our goal is to describe how these three scales affect the dynamics of the Schrödinger equation.
We shall assume that ∈ (0, 1], and define the semiclassical the Schrödinger operator:
where, as before, V belongs to C ∞ (M, R). We shall be interested in the regime in which the strength ǫ := (ǫ ) 0< ≤1 of the perturbation satisfies
The corresponding semiclassical Schrödinger equation is:
We assume that the sequence of initial data (u ) >0 is normalized in L 2 (M) and satisfies the following oscillation properties: (6) lim sup
lim sup
Remark 1.5. Note that any normalized sequence (u n ) n∈N safisfies (6) for some ( n ); this is also the case with (7), provided (u n ) weakly converges to zero (the sequence ( n ) here may be different from the one in (6)). Yet, in general, it is possible to construct normalized sequences (u n ) such that (6), (7) never hold simultaneously (see [18] ). Note also that any sequence of normalized eigenfunctions of − 1 2
∆ g + V satisfies (6), (7) with n = λ −1 n where λ 2 n is the corresponding eigenvalue. We are interested in understanding the dynamics of the sequence of solutions (v ) at time scales τ := (τ ) 0< ≤1 where lim
More precisely, the main object in our study is the sequence of time-scaled position densities:
The sequence (ν ) is bounded in D ′ (R × M) and satisfies:
Therefore, every accumulation point of the sequence (ν ) is an element in L ∞ (R, P(M)), where P(M) denotes the set of probability measures on M. We shall denote by N (τ, ǫ) the set of such accumulation points obtained as the sequence of initial data (u ) varies among normalized sequences satisfying (6) and (7).
Our goal is to understand the structure of the elements in N (τ, ǫ), in particular how this set depends on τ and ǫ as well as on the geometry of the manifold and the form of the potential. Again any element ν(t) in N (τ, ǫ) satisfies ν(t) ∈ N g for a.e. t in R. Therefore this particular scaling corresponds to studying solutions to the non-semiclassical Schrödinger equation (1) .
If u is an eigenfunction of the operator (2) then, by the previous remark,
This implies that N (∞) ⊂ N (τ, ) for any time scale τ . Remark 1.8. Most of our analysis can be extended to perturbations of the form ǫ 2 Q , where Q is a selfadjoint operator in Ψ 0,0 (M). Taking Q = V makes the exposition slightly simpler as we can use homogeneity properties of V .
The set N (τ, ǫ) was characterized in [38] in the case of short times (τ ≪ −2 ) and small perturbations (ǫ ≤ ) in the same geometric setting as in this article. It turns out that in that case, the elements in N (τ, ǫ) do not depend in t and one has
that is, N (τ, ǫ) gets in some sense as big as it can be.
In the context of negatively curved surfaces, some equidistribution properties of the elements of N (τ, ǫ) were obtained for strong enough perturbations [16, 44] .
This problem has also been studied in great detail for the case M = T d endowed with its natural metric. The articles [1, 2] describe this set in the case of small perturbations (ǫ ≤ ), whereas the case of stronger perturbations will be studied in more detail in [39] . In particular, in [1, 2] it is shown that when (M, g) = (T d , can) and ǫ = , the time scale τ = −1 is critical for this problem. When τ ≪ −1 the set N (τ, ǫ) contains measures that are singular with respect to Lebesgue measure (in particular, it contains all δ γ corresponding to closed geodesics); whereas if τ ≥ −1 then N (τ, ǫ) consists only of measures that are absolutely continuous with respect to the Lebesgue measure. Moreover, when τ = −1 a precise description of the dependence on t of those mesures is given. In this article we show that a similar phenomenon takes place for Zoll manifolds. It turns out that the critical time scale for this problem is τ = ǫ −2 in the case of strong perturbation (ǫ ≥ ) or τ = −2 for small perturbations (ǫ ≪ ) :
• Below the critical time-scale, one has N (τ, ǫ) = N g , and we provide a formula to compute ν from the sequence of initial data.
• At the critical time-scale, measures in N (τ, ǫ) may depend in a non trivial way on t. We give an explicit propagation law that involves the Radon transform of the potential and the sequence of initial data.
• Above the critical time-scale, the restriction of the measures in N (τ, ǫ) to the complement of the critical set C(V ) has some additional regularity. When (M, g) = (S 2 , can), this restriction is in fact absolutely continuous with respect to the Riemannian measure. The precise statement of our results is given in Propositions 2.2, 2.3 and 2.4; they are formulated in terms of semiclassical measures and are presented in Section 2.2. In Section 2.3 we apply these results to the study of the quantum Loschmidt echo.
1.3. Some results on the structure of N (τ, ǫ). Let us now present some direct consequences of our results.
Suppose one the following condition holds:
) is a compact rank one symmetric space. Then, for every ν in N (τ, ǫ) and for every geodesic γ 0 that is not contained in C(V ), one has: ν(t)(γ 0 ) = 0, for a.e. t ∈ R.
We note that for general P l manifolds we are still able to obtain a similar result even if the condition ǫ ≫ does not hold -see section 2 for more details. It is however more complicated to state as it involves the structure of a remainder term appearing in the natural decomposition of −∆ g on Zoll manifolds [9, 14] . In the case of a general P l -metric on M = S 2 , an explicit expression of this term involving curvature terms and Jacobi fields was obtained by Zelditch in [53, 54] (see Paragraph 3.4 for more details on this issue).
This Theorem is a direct consequence of Propositions 2.2 and 2.3 and it will be proved in Paragraph 3.3. It tells us in particular that, for large enough times, solutions of the Schrödinger equation cannot be concentrated on closed geodesics corresponding to regular points of I g (V ). For instance, if one considers a sequence (u ) 0< ≤1 of coherent states that is microlocalized at a certain point ρ ∈T * M, then the corresponding solution will not be concentrated along the corresponding closed geodesic (for large enough times) provided that the geodesic consists of regular points. Theorem 1.9 admits the following reformulation in terms of quasimodes for the Schrödinger operator P ǫ ( ):
with E( ) → E = 0 as → 0. Then, for every weak-⋆ accumulation point ν 0 of the sequence
and for every geodesic γ 0 that is not contained in C(V ), one has
We would like to stress the fact that we are not requiring ǫ ≪ √ for our results to hold. One often makes this assumption when studying the spectral properties of semiclassical operators with periodic bicharacteritics (see [41, 26] for instance) in order to to keep the nice cluster structure of the the spectrum of the operator −∆ g , see [9] .
For the 2-sphere endowed with its canonical metric g = can, we are able to be more precise regarding the regularity of the elements in N (τ, ǫ):
Then, any ν ∈ N (τ, ǫ) is of the following form 
. Moreover, I can (V ) = 0 for any odd function on S 2 . In particular, for a generic choice of V , the assumption of the Theorem is satisfied.
1.4. An application to spectral theory. We mention the following Proposition on the spectral properties of P ǫ ( ) which can also be obtained using the tools developed in the present article:
provided one of the following conditions holds:
The proof of this result will be given in Section 6. We note that, thanks to the semiclassical Weyl's law [12] , one knows that s 0 ( ) > 0. In the case where d = 2 and N ≪ ǫ ≪ √ (where N is some positive exponent related to the clustering of the unperturbed operator), a much stronger result was for instance obtained in [26] . In fact, it was proved in this reference that, near regular values of I g (V ), one can obtain an asymptotic expansion of the eigenvalues with a level spacing which is exactly of order ǫ 2 . Compared with this result, the above Proposition only provides a simple criterium for the existence of distinct eigenvalues which are asymptotically at distance less than ǫ 2 . On the other hand, it is valid in any dimension and even for strong perturbation, meaning ǫ ≥ √ .
Main results: propagation of semiclassical measures
We now describe our main results, that are formulated using the notion of semiclassical or Wigner measure.
2.1. Semiclassical measures. In order to study the asymptotic properties of the solutions of (5), we will make use of the so-called semiclassical measures [17] , or more precisely of their time dependent version [38] -see also appendix B for a brief reminder. We now recall their construction. For a given t in R, we denote the Wigner distribution at time tτ by
where Op (a) is a -pseudodifferential operator with principal symbol a ∈ C ∞ c (T * M) -see appendix A. This quantity represents the distribution of the solution of (5) in the phase space T * M. Recall now that we can extract a subsequence n → 0 + as n → +∞ such that, for every
, with M(T * M) the set of finite complex measures carried on T * M. Recall also that, for a.e. t ∈ R, µ(t, ·) is in fact a probability measure which is carried onT * M and which is invariant by the geodesic flow ϕ s on T * M. For instance, µ(t, ·) can be the normalized Lebesgue measure along closed orbit of the geodesic flow. We refer to appendix B for a brief reminder of these results from [38] .
We will denote by M(τ, ǫ) the set of accumulation points of the sequences
as (u ) varies among normalized sequences satisfying (6) and (7).
Remark 2.1. Thanks to the frequency assumption (6), one can also verify that N (τ, ǫ) corresponds in fact to the projections on M of the elements of M(τ, ǫ).
Propagation at different time scales.
The Zoll structure on M allows to prove that every element in M(τ, ǫ) satisfies an additional invariance or transport property, depending on the relative size of τ and ǫ.
We denote by ϕ 
ii) If τ ǫ 2 = 1 then µ is continuous with respect to t and, for every b ∈ C ∞ c (T * M) and every t ∈ R:
+∞ then µ has an additional invariance property. For almost every t ∈ R and every s ∈ R:
. This result can be obtained by similar arguments as the proof of Propositions 2.3, 2.4 presented below, which describe additional properties satisfied by the elements of M(τ, ǫ) in the more general case of P l -manifolds. In this case, one must take into account a certain (ϕ s )-invariant function q 0 onT * M that depends on the metric g. Let ϕ t q 0 and ϕ t V +q 0 denote respectively the Hamiltonian flows onT * M generated by q 0 and I g (V ) + q 0 . The first of these result is concerned with the "big perturbation" regime, when the square root of the size of the perturbation dominates the characteristic length scale of oscillations. Proposition 2.3. Suppose M is endowed with a P l -metric g and that:
There exists a smooth, 0-homogeneous and (ϕ s )-invariant function q 0 defined onT * M (and depending only on (M, g)) such that, for every µ ∈ M(τ, ǫ) associated to a sequence of initial data with an unique semiclassical measure µ 0 , the following holds:
then, µ is continuous in the t variable and, for every b ∈ C
∞ c (T * M) and every t ∈ R:
ii) If τ ǫ 2 = 1 then µ is continuous in the t variable and, for every b ∈ C ∞ c (T * M) and every t ∈ R:
iii) If τ ǫ 2 → +∞, then µ has an additional invariance property. For almost every t ∈ R and every s ∈ R:
The next result deals with the "small perturbation" regime, when dominates ǫ (and therefore, the time scale must be compared to 2 instead of ǫ 2 ). As it can be expected, the effect of the perturbation in this case is negligible. We however present the precise statement for the sake of completeness.
Proposition 2.4. Suppose M is endowed with a P l -metric g and let q 0 be the function introduced in Proposition 2.3. Suppose that:
Then, for every µ ∈ M(τ, ǫ) associated to a sequence of initial data with an unique semiclassical measure µ 0 , the following holds:
ii) If τ 2 = 1 then µ is continuous in the t variable and, for every b ∈ C ∞ c (T * M) and every t ∈ R:
iii) If τ 2 → +∞, then µ has an additional invariance property. For almost every t ∈ R and every s ∈ R:
. We note that the statements of these Propositions remain valid for V ≡ 0 (in fact, the results of Proposition 2.3 are contained in those of Proposition 2.4 in this case).
As it will become clear from our proof, the symbol q 0 is related to the "natural" decomposition of the operator −∆ g on Zoll manifolds -see for instance Theorem 1.1 of [9] . As stated in the Proposition, this symbol depends only on the choice of the metric. We emphasize yet that it is given by an hardly explicit formula -see Remark 3.5 or [53, 54] .
However, when (M, g) is a Compact Rank-One Symmetric Space, one can take q 0 = 0 and therefore it is possible to derive the result in Proposition 2.2 without making any assumption regarding the relative size of and ǫ .
Remark 2.5. When I g (V ) is constant, the Hamiltonian flow ϕ t V acts trivially, and some of the above statements are thus empty. This is the case, for instance, when (M, g) = (S d , can) and V = V (x) does not depend on ξ and is an odd function plus a constant (see [29] , Theorems 1.17, 1.23).
2.3.
Application to the study of the quantum Loschmidt echo. As another application of the methods developped to prove Proposition 2.2, 2.3 and 2.4, we derive some properties on the so-called quantum Loschmidt echo. This quantity is defined as follows
where
• v (tτ ) is the solution of (5);
• v 0 (tτ ) is the solution of (5) when we pick V ≡ 0.
This quantity was introduced by Peres in [43] and it allows to measure the sensitivity of a quantum system to perturbations of the Hamiltonian. Peres predicted that this quantity should typically goes to 0 and that the decay rate indicates the chaotic or integrable nature of the underlying classical system. Since this seminal work of Peres [43] , many progresses have been made in the physics literature regarding the asymptotic properties of this quantity, especially in the context of chaotic systems. We refer the reader to [19, 34, 20] for recent surveys on these questions. Our approach allows to study a slightly related quantity:
Up to an extraction n → 0, one can suppose that there exists
Our last result gives a description of the limit distribution F (t) in the context of P lmanifolds:
) is a P l -manifold and that
Suppose also that one the following condition holds:
(
) is a compact rank one symmetric space. Then, for every t → F (t) associated to a sequence of initial data with an unique semiclassical measure µ 0 , the following holds i) If lim →0 + τ ǫ 2 = 0, then, for every t in R:
then, F (t) is continuous in the t variable and, for every t in R:
This Theorem will follow from Proposition 5.2 and its proof will make use of similar tools as the ones used to prove Proposition 2.2, 2.3 and 2.4. Note that other mathematical studies of the long time properties of the quantum Loschmidt echo appeared recently in various geometric settings: 1-dimensional systems [6, 10] , negatively curved surfaces [44] .
Averaging, transport and invariance
In this section, we will prove Propositions 2.2, 2.3 and 2.4. It is organized as follows. First, we recall an averaging procedure due to Weinstein [51] which we formulate in a semiclassical language following [8, 28, 12] . Then, in paragraph 3.2, we deduce the above Propositions from this averaging Lemma, and, in paragraph 3.3, we derive the proof of a slightly stronger version of Theorem 1.9 from these Propositions.
3.1. Semiclassical averaging Lemma. The following result is a quantum analogue of the averaging method for classical dynamical systems.
, there exists an operator B ∈ Ψ 0,0 (M) whose principal symbol is the classical average:
and which satisfies:
In addition, if (M, g) is a Compact Rank-One Symmetric Space, B can be chosen such that the above formula is exact, that is:
This type of result is rather well-known and goes back to [51, 14, 9] . We will give here a semiclassical version of the argument presented in those references following the presentation of [12] (chapter 15) -see also [8, 28] for a semiclassical treatment.
The proof of Theorem 3.1 will be done in three steps.
Reparametrization of the classical Hamiltonian.
We have made the assumption that all the geodesics of M have a common least period l > 0. This means that, for every (x, ξ) inT
. Following [12] , the first step will be to "reparametrize" the Hamiltonian, both at the quantum and at the classical level, in order to have a common period 2π for the flow onT * M. For that purpose, we set
The Hamiltonian corresponding to this operator is given byp 0 (x, ξ) := ξ x , and the Hamiltonian vector fields of p 0 andp 0 are related in the following way:
,
. If we denote by ψ t the Hamiltonian flow ofp 0 , we find that, for every (x, ξ) inT * M and for every s in R, one has
s (x, ξ) , and ψ 2π (x, ξ) = (x, ξ).
Periodicity of the quantum propagator.
We recall that the Fourier integral operator associated to the Hamiltonian vector field satisfies a certain periodicity property. This follows from the periodicity of the classical flow. We will denote by α ∈ Z the common Maslov index of the closed trajectories of ψ t on the energy layersp +∞) ) . According to Lemma 29.2.1 in [33] -see also [9] or [28] , one knows that there exists a polyhomogeneous pseudodifferential operator A of order 1 and a polyhomogeneous pseudodifferential operator Q of order −1 (see Ch. 18 in [32] for the precise definitions) such that the following holds:
Translated in our semiclassical framework, we get
and, in particular,
Remark 3.2. In the case of a compact rank one symmetric space, the situation is slightly simpler using the explicit description of the spectrum -see paragraph 8.8 in [4] . In fact, we can write that
whereÃ is a polyhomogeneous pseudodifferential operator of order one such that Sp(Ã) ⊂ N, and then
3.1.3. Averaging procedure. We will now verify that the operatorP 0 ( ) satisfies the commutation property (18) where the operator B is defined as the quantum average of the pseudodifferential operator Op (b) by the Fourier integral operator associated to A. This kind of averaging procedure is standard in this context and it seems that it first appeared in Weinstein's article [51] .
, we define the following averaged operator:
According to Egorov's Theorem, B is an element in Ψ 0,0 (M) whose principal symbol is equal to I g (b), which is a smooth function since b is supported in p 
Using the fact that Sp(A) ⊂ N, we start noticing that the following commutation relation holds:
We can now use property (21) in order to derive an expression for the commutator [ B , P 0 ( )]. First note that:
We use the definition of A in order to write:
which also defines an operator commuting withP 0 ( ). Therefore, taking into account identity (21), we finally obtain:
Using pseudodifferential calculus rules, one knows that
l 2 χ(P 0 ( ))Q 0 is an element in Ψ −∞,0 (M) with principal symbol equal to χ( ξ l/(2π))q 0 (x, ξ) where q 0 is the principal symbol of the polyhomogeneous pseudodifferential operator (AQ + QA)(2π) 2 /l 2 of degree 0. Recall that it defines a smooth function onT * M which is 0-homogeneous. Note that this function depends only on (M, g). Thus, using the composition formula for pseudodifferential operators and the Calderón-Vaillancourt Theorem [55] , we conclude that:
as we wanted to prove. 
Op (b)e
dt.
3.2.
Invariance and transport: proof of Propositions 2.2, 2.3, and 2.4. We will now use Theorem 3.1 to prove additional invariance properties satisfied by every element µ in M(τ, ǫ). Recall that, for almost every t in R, µ(t, ·) is a probability measure which is invariant by the geodesic flow ϕ s . We also emphasize that, for almost every t in R, one has µ(t)(T * M) = 1 thanks to (6) and (7). These conditions imply that for every b ∈ C ∞ c (T * M) and almost every t one has: (24) µ(t)(b) = µ(t) (I g (b) ).
Let
We will now give the proof of Propositions 2.2, 2.3, and 2.4. Let µ ∈ M(τ, ǫ). This means that there exists a sequence (u ) 0< ≤1 of normalized states in L 2 (M) satisfying the frequency assumptions (6) and (7) such that the Wigner distributions µ : t → w (tτ ) corresponding to the solutions e Remark 3.4. We note that, as µ(t)(M × {0}) = 0 a.e., we can restrict ourselves to proving the invariance properties for such functions b.
Let B be the operator obtained from b using Theorem 3.1. One clearly has:
Recall that, by Theorem 3.1 and by the composition rules for pseudodifferential operators, one has:
In the case of a CROSS, we also note that the remainder is in fact of order
) is not a CROSS), after integrating both sides of identity (25) on the interval t ∈ [0, τ ] and taking limits as → 0 + , one has for almost every τ ∈ R:
which, in view of (24) concludes the proof of i) of the three Propositions. We now turn to the proof of ii) of these different Propositions. Equation (23) implies that the commutator takes the form:
where q 0 was defined in paragraph 3.1.3 -see also remark 3.5 below. Integrating again (25) with respect to t, letting → 0 + and using the composition formula for pseudodifferential operators gives that, for every τ ∈ R the following holds
where
In the case of a CROSS, we let L := V without any assumptions on the size of the perturbations. The geodesic flow preserves the symplectic form on T * M, therefore:
In particular, combining this equality to (24), we can rewrite (26) as
Therefore, using again (27) , one has We consider now the large time regime, meaning τ ǫ 2 → +∞ (in the case of Propositions 2.2 and 2.3) or τ 2 → +∞ (in the case of Proposition 2.4). Let θ be an element in C 1 c (R). We use an integration by parts on (25) to derive:
Thanks to relation (23), we deduce that
Again, in the case of a CROSS, the remainder is only O(τ −1 ). Using the composition formula for pseudodifferential operators, we find that
Taking limits as → 0 + and using identities (24) , (27) shows that
This concludes the proof of part iii) in each case.
Remark 3.5. Again, we would like to stress the fact that the symbol q 0 is only related to the choice of the metric on M. In order to get an (implicit) expression for q 0 , we have to
Using energy cut-offs, this can be in fact rewritten as
From this expression, we can get an expression for {I g (b), q 0 } by identifying the principal symbol of the right hand side which turns out to be a delicate task [53, 54] . We will discuss this in more details in paragraph 3.4 in the case of metrics of revolution on S 2 .
3.3. Proof of Theorem 1.9. Theorem 1.9 is now an easy consequence of Proposition 2.3. We will in fact prove something slightly more precise that works for any size of ǫ . We use the above convention for defining the function L. Recall that L is a smooth function onT * M which is 0-homogeneous and that, in the case of a compact rank-one symmetric space, one has always . On the other hand, the invariance of µ(t, ·) implies that, for a.e. t in R,
) is not a CROSS). Then, Propositions 2.2, 2.3 and 2.4 assert that µ(t, ·) is invariant with respect to the flow ϕ
for every τ in some interval with non-empty interior. Since µ(t, ·) is finite, one must have (29) µ(t)
for a.e. t in R.
Consider now the projection ν(t, ·) of µ(t, ·) on M. Suppose Γ 0 ⊂ S * M is a closed orbit of ϕ s and denote by γ 0 := π(Γ 0 ) where π : T * M → M is the canonical projection. Suppose that Γ 0 is not contained in Crit(L). Using (29), we note that
Using invariance by the geodesic flow and the fact that the measure is finite, a similar argument as above allows to conclude that this quantity is in fact equal to 0.
3.4.
Explicit expression of q 0 on S 2 . In this last section, we briefly recall a result due to Zelditch which gives a more or less explicit expression for q 0 -see Theorem 3 in [54] for more details. We suppose that g is a C 2π -metric on S 2 ; in this case, every geodesic is a simple curve, see [21] . We fix Γ 0 a closed geodesic on S * M issued from the point (x 0 , ξ 0 ), i.e.
We denote byf x 0 ,ξ 0 (t) the unique solution of the ordinary differential equation
and by f x 0 ,ξ 0 (t) the unique solution of the ordinary differential equation
where K is the scalar curvature. Using the conventions of Appendix C, we also define
The formula obtained by Zelditch can then be expressed as follows:
We proceed as in [54] and specialize this expression to the case of C 2π -metrics of revolution on S 2 . According to [4] -Theorem 4.13, such a metric can be written in spherical coordinates as:
where σ is a smooth odd function on [−1, 1] satisfying σ(1) = 0. Recall from Paragraph 4.17 in [4] that the sectional curvature can be expressed as follows:
Let π(Γ 0 ) be the closed geodesic corresponding to θ = π 2
. We note that the curvature is constant and equal to 1 on this closed geodesic. For every (x 0 , ξ 0 ) in Γ 0 , we find then
In particular, q 0 is not equal to 1 4 on this closed geodesic if σ ′ (0) = 0. This condition is of course generic among the possible choice of σ. Using the symmetry of revolution and the Gauss-Bonnet formula, one verifies that, for any (x 0 , ξ 0 ) belonging to a geodesic orthogonal to the geodesic θ = π 2 , one has q 0 (x 0 , ξ 0 ) = 1 4 . In particular, q 0 is not a constant function on T * S 2 . Combining this observation to the results of paragraph 3.3, we deduce Theorem 1.4 -see Remark 1.7.
Measures with two invariance properties
This section is of more geometric flavor; it is devoted to analyzing the structure of measures on the cotangent bundle that are invariant by two flows that commute.
4.1.
Measures that are invariant by two Hamiltonians that commute. As before, we write p 0 (x, ξ) := • L is 0-homogeneous in the ξ variable, i.e. L(x, ξ) = L(x, λξ) for every λ > 0.
• The one-form dL does not vanish identically.
• L Poisson-commutes with p 0 : {L, p 0 } = 0. We shall denote by X 0 and X L the respective Hamiltonian vector fields of p 0 and L; let ϕ 
This is a closed set inT * M that is invariant by both flows ϕ s , ϕ τ L . More precisely, the following holds. On the other hand, if the orbit of the geodesic flow issued from some ρ 0 is invariant by ϕ s L then necessarily X L (ρ 0 ) = αX 0 (ρ 0 ) for some α ∈ R. This forces X L (ρ) = αX 0 (ρ) for every ρ in the orbit. Since L is zero-homogeneous with respect to ξ it turns out that X L and X 0 are orthogonal with respect to the Sasaki metric (see Appendix C). Therefore, α = 0, as we wanted to prove.
Consider now the set:
This is an open subset ofT * M that is invariant by ϕ s and ϕ
, is a group action of R 2 on R(L). Moreover, for any ρ 0 ∈ R(L) the map:
, is an immersion. Therefore, the stabilizer group G ρ 0 of ρ 0 under φ is discrete. This proves that the orbits of the action φ are either diffeomorphic to the torus T 2 , to the cylinder T × R or to R 2 . The moment map:
is a submersion, and for every (E, J) ∈ Φ(R(L)) the level set
is a smooth submanifold of R(L) of codimension two. Note that the 0-homogeneity of L implies that Λ (αE,J) = h α (Λ (E,J) ) for every α > 0, and h α :T * M −→T * M being the homothety of ratio α on the fibers.
When d = 2 the couple p 0 , L forms a completely integrable system on R(L); and the map φ ρ 0 induces a diffeomorphism:
is compact then it is an embedded Lagrangian torus in T * M. In that case, we shall write T 2 ρ 0 := R 2 /G ρ 0 . See [13, 40] for more detailed proofs. Our next result clarifies the structure of the set of probability measures on R(L) that are invariant by the geodesic flow and the flow ϕ (30)). Proof. The disintegration Theorem (see e.g. Th. 5.14 in [15] ) gives, for µ-a.e. (E, J) ∈ R(L), the existence of a family of probability measures µ E,J concentrated on Λ (E,J) such that:
where, for (E, J) ∈ Φ(R(L)), the measure λ E,J is a convex combination of the (normalized) Haar measures on the tori
for every b ∈ C c (R(L)). The measures µ E,J inherit the same invariance properties as µ. In particular,
for every (s, t) ∈ R 2 . Each connected component of the manifold Λ (E,J) has a group structure induced by the map φ ρ , for any ρ ∈ Λ (E,J) . The invariance property of µ E,J | Λ ρ (E,J ) is equivalent to stating that it is invariant by translations in the group. Therefore, µ E,J | Λ ρ (E,J ) must coincide with a multiple of the Haar measure on Λ
is non compact, this measure is infinite and µ E,J (Λ ρ (H,J) ) = 0. An explicit formula for the restriction of the measure λ E,J to a connected component Λ ρ (E,J) with ρ ∈ R c (L) ∩ Λ (E,J) is the following:
for some constant c ∈ [0, 1]. Proposition 4.2 merely states that bi-invariant measures a superpositions of measures of this form.
Note that so far we have not used the fact that the geodesic flow is periodic. When this is the case it turns out that for every ρ 0 ∈ R c (L) the stabilizer group G ρ 0 of ρ 0 contains an element of the form (q, 0) for some q ∈ R \ {0}.
4.2.
Structure of the projection onto the base. Our next goal is to study the regularity properties of the projection of a bi-invariant measure µ onto the base manifold M. We are going to prove that they decompose as an measure that is absolutely continuous with respect to the Riemannian volume plus a singular measure supported on the projection of the critical set Crit(L). 
Remark 4.5. For a "generic" function L, the set Crit(L) is formed by critical points that are non degenerate with respect to directions that are orthogonal to the geodesic flow and to the vertical vector field that generates the dilations on the fibers. In this case, for every
0 (E) consists in a finite number of orbits of the geodesic flow that project onto a finite family of geodesics {γ 1 , ..., γ r } in M. The measures ν described in Corollary 4.4 then take the simple form:
where c j ≥ 0 for j = 1, ..., r and r j=1 c j ≤ 1. Theorem 4.3 essentially follows from a structure result for the projections of the Lagrangian tori Λ
is a local diffeomorphism onto its image except at points lying on a finite family of smooth curves (called sometimes a caustic) . See also Lemma 2.1 in [5] . :
Proof. Let {X 0 , W, Y 0 , U} be the orthogonal frame onT * M defined in Appendix C. Since L is 0-homogeneous with respect to ξ, the Hamiltonian vector field X L has no component in X 0 , that is:
is not a local diffeomorphism are precisely those at which d ρ π(X L (ρ)) = 0. Define:
One has:
. We are going to apply the implicit function Theorem to the equation F (t, s) = 0 in order to prove our claim. Note that J s (t) :
is the covariant derivative along the curve γ s (t). If F (t 0 , s 0 ) = 0 then J s 0 (t 0 ) = 0 but:
the reason for this is that if that term were to vanish, this would imply that
. Therefore, the Jacobi field J s 0 (t) should be proportional to tγ ′ (t) which forces J s 0 to vanish identically. In other words, X L (φ ρ 0 (t, s 0 )) ∈ Ker(d φρ 0 (t,s 0 ) π) for every t. But this is a contradiction, since the values of t for which that property holds turn out to form a discrete set in R, as we show next.
This fact is a consequence of the twist property of the vertical subbundle as stated in [42] : recall that Λ ρ 0 (E,J) is a Lagrangian submanifold of T * M; applying Proposition 2.11 of [42] to the Lagrangian subspaces T ρ Λ ρ 0 (E,J) with ρ ∈ Λ ρ 0 (E,J) , we deduce that, for every s 0 the set of the t ∈ R such that:
If the geodesic ϕ t (ρ 0 ) is q-periodic, this set is in fact finite modulo qZ. Set s 0 = 0 and let {t 1 , ..., t r } ⊂ R/qZ be the set at which F (t, 0) = 0. We can apply the implicit function Theorem to conclude the existence of a unique family of smooth functions t j (s) with s ∈ R/r(J)Z satisfying t j (0) = t j and F (t j (s), s) = 0. Taking into account that ∂ t F (t, s) = 0 as soon as F (t, s) = 0, we conclude that two curves (t j (s), s) and (t i (s), s) are either disjoint or they coincide. Let us relabel these curves in order to have (t j (s), s) with j = 1, ...n are disjoint. Since these curves are the unique solutions to the equation F (t, s) = 0, the trajectories (t j (s), s) must be closed. Therefore, the smooth curves Γ j ρ 0 := {φ ρ 0 (t j (s), s) : s ∈ R/r(J)Z} with j = 1, ..., n are disjoint and closed.
To conclude the proof of Theorem 4.3 let B ⊂ M be of zero Riemannian measure. By construction, 
This shows that ν(E) = 0 and therefore, ν is absolutely continuous with respect to Riemannian mesure.
Quantum Loschmidt echo on Zoll manifolds
In this section, we revisit the proof of section 3 in order to study a quantity which is related to the so called quantum Loschmidt echo defined in the section 2. Precisely, we prove Proposition 2.6. For every b in C ∞ c (T * M) and every t in R, we define
is a scale of times satisfying lim →0 τ = +∞;
If we suppose that the sequence of initial data (u ) 0< ≤1 is normalized and that it satisfies (6) and (7), then, proceeding as in appendix (B), we can extract a subsequence n → 0 such that, for every θ ∈ C ∞ c (R) and for every a in
Thanks to the frequency assumptions, the support of M(t) is included in T * M\(M × {0}). Moreover, in the case where ǫ ≪ √ , we also observe that, for a.e. t in R and for every s in R, one has (31)
Remark 5.1. In order to make the link with Proposition 2.6, we note that, thanks to (6) and (7), one has
Proposition 2.6 follows then from the previous remark and the following Proposition.
Suppose also that one the following condition holds: 
for a.e. every t in R and for every
Remark 5.3. In the case (iii), we emphasize that we can deduce that suppM(t) ⊂ {I g (V ) = 0}.
We will now give the proof of this Proposition which follows the same lines as the proofs in section 3.
Proof. Let b be a smooth compactly supported function onT * M. Using (31), one has that
We start our proof by computing the following derivative
where B is the operator from Theorem 3.1. Using Theorem 3.1, we obtain in fact
We observe that, if (M, g) is a compact rank-one symmetric space, then the remainder is in fact equal to 0. The case (i) follows immediatly by integrating (32) between 0 and t. In the case where τ = ǫ 2 , one finds that, for every θ in C ∞ c (R), one has
where the first equality follows from (32) and the second one from (31) . The case (ii) follows then from the above relation. Finally, when lim →0 + τ ǫ 2 = +∞, we deduce from (32) that
from which (iii) follows according to (31).
6. Relation to spectral problems: proof of Proposition 1.14
In this last section, we explain how time dependent semiclassical measures can be used to prove some results on the spectrum of the semiclassical Schrödinger operator
Precisely, we prove Proposition 1.14 from the introduction which establishes the existence of distinct eigenvalues which are asymptotically close to each other. In order to prove this result, we revisit an argument that was given in [37] -proof of Theorem 2 from this reference. Thanks to Corollary 1.10, recall that any weak-⋆ accumulation point ν of the sequence (|ψ | 2 vol g ) 0< ≤1 verifying P ǫ ( )ψ = E( )ψ , and E( ) → E 0 = 0, must satisfy ν({γ 0 }) = 0, for every closed geodesic γ 0 that is not included in C(V ). Let γ 0 be such a geodesic; let Γ 0 be a lift of γ 0 toT * M such that, for (x 0 , ξ 0 ) ∈ Γ 0 one has
We proceed by contradiction and we suppose that there exists n → 0 as n → +∞ such that
Our goal is to construct ν as above verifying ν({γ 0 }) > 0. We fix a sequence τ n → +∞ satisfying
These two conditions are compatible thanks to our assumption on the subsequence n → 0 + . In the following, we omit the subscript n in order to alleviate the notations.
6.1. A sequence of "good" initial data. We fix a sequence of initial data (u x 0 ,ξ 0 ) 0< ≤1 whose semiclassical measure is unique and given by the Dirac measure δ x 0 ,ξ 0 . This can be obtained from a sequence of normalized coherent states -see for instance Ch. 5 in [55] . Then, we pick a cutoff function 0 ≤ χ ≤ 1 in C ∞ c (R) which is equal to 1 in a small neighborhood of 0, say [−1/2, 1/2], and 0 outside a slightly larger neighborhood, say [−1, 1]. We introduce the following truncation of our coherent states:
Using results on functional calculus for semiclassical pseudodifferential operators -see for instance Ch. 14 in [55] , one can verify that the operator χ
is an -pseudodifferential operator belonging to the set Ψ −∞,0 (M) as defined in Appendix A. Recall that its principal symbol is
As the semiclassical measure of the sequence (u x 0 ,ξ 0 ) 0< ≤1 is the Dirac measure in (x 0 , ξ 0 ), one can observe that
Thanks to the Calderón-Vaillancourt Theorem, one can also verify that
Denote by Π E j ( ) the spectral projector corresponding to the eigenvalue E j ( ), one has
Recall that the eigenvalues E j ( ) (and the spectral projectors) depend implicitly on ǫ .
When Π E j ( ) u x 0 ,ξ 0 = 0, we define
otherwise, we set v j ,ǫ = 0. Then, we writẽ
Finally, we introduce c
Note that this quantity is equal to 0 when v j ,ǫ = 0. Using (35) and (36) , one can verify that 
as goes to 0. Using the conventions introduced in the previous paragraph, one deduces then
which tends to +∞ according to (33) . Thus, we get, as goes to 0,
We will deduce from this asymptotic formula the existence of an accumulation element ν satisfying ν(γ 0 ) = 1, and thus we will obtain the expected contradiction as γ 0 is not cointained in C(V ).
6.3. Estimating the variance. We now remark that the measure b → I g (b)(x 0 , ξ 0 ) is an ergodic measure which can be written as a convex sum of almost invariant and almost positive distribution. Thus, we can proceed as in the proof of the quantum ergodicity Theorem [55] to construct a subsequence converging to this measure. For that purpose, we start by estimating the variance:
One can introduce χ 1 a smooth compactly supported function onT * M which is equal to 1 for E 0 2 ≤ ξ 2 ≤ 8E 0 and which is invariant by the geodesic flow. By construction of the states v j ,ǫ , we can rewrite V (b) as follows:
. Combining the Egorov Theorem to the fact that the v j ,ǫ are eigenmodes, one finds, for every T > 0,
where the constant in the remainder depends on T . Applying the Cauchy-Schwarz inequality and the composition rule for pseudodifferential operators, we obtain
We now use the limit formula (38), and we derive that, for every T > 0,
We take the limit T → +∞, and we have, as → 0
6.4. Bienaymé-Tchebychev inequality. As the eigenmodes are microlocalized on the energy layers E 0 − δ 0 ≤ 
We reestablish the dependence in the parameter n and we define, for every k in N and every n in N,
.
From the Bienaymé-Tchebychev inequality, we get, as n → +∞,
For every k ≥ 0, we set A
For every k ∈ N, we take n k larke enough to ensure that, for every n ≥ k, one has
and we also impose the subsequence n k to be increasing. Then, for every n k ≤ n < n k+1 , we let
Then, thanks to (37), one has, as n → +∞,
By construction, this implies that there exists a sequence 1
By density of the family b k in the C 0 -topology, we find that the limit measure is the measure carried by the closed geodesic issued from (x 0 , ξ 0 ). In other words, we have constructed a sequence of eigenmodes whose semiclassical measure is carried by the closed geodesic issued from (x 0 , ξ 0 ). As we have supposed that this closed geodesic is not included in Crit(V ), we obtain the contradiction.
Appendix A. Semiclassical analysis on manifolds
In this appendix, we review some basic facts on semiclassical analysis that can be found for instance in [55] . Recall that we define on R 2d the following class of symbols:
Let M be a smooth Riemannian d-manifold without boundary. Consider a smooth atlas (f l , V l ) of M, where each f l is a smooth diffeomorphism from
Consider now a smooth locally finite partition of identity (φ l ) adapted to the previous atlas (f l , V l ). That means l φ l = 1 and φ l ∈ C ∞ (V l ). Then, any observable b in C ∞ (T * M) can be decomposed as b = l b l , where b l = bφ l . Each b l belongs to C ∞ (T * V l ) and can be pushed to a functionb l = (f −1 l ) * b l ∈ C ∞ (T * W l ). As in [55] , define the class of symbols of order m and index k 
Appendix B. Time-dependent semiclassical measures
The aim of this short appendix is to recall a few facts on the definition of time-dependent semiclassical measures -we refer to [38] for more details.
Let (u ) 0< ≤1 be a normalized sequence in L 2 (M) verifying the oscillation assumptions (6) and (7) . For a given scale of times τ := (τ ) Thus, µ can be extended to a continuous linear form on L 1 (R, C 0 0 (T * M)), where C 0 0 (T * M) denotes the set of continuous functions vanishing at infinity. Consequently, the limit distribution t → µ(t, ·) belongs to L ∞ (R, M(T * M)) (see for instance [11] ), where M(T * M) is the set of finite complex measures on T * M. For any converging subsequence in D ′ (R×T * M) (which we do not relabel), we note that the following also holds, for every θ ∈ L 1 (R), and for every a ∈ C , according to the Gårding inequality, the limit distribution is in fact a positive measure for a.e. t in R. Moreover, the frequency assumptions (6) and (7) and the fact that ǫ → 0 + imply that, for every almost every t, µ(t)(T * M) = 1. Using Egorov Theorem, one can also verify that, for a.e. t in R, µ(t, ·) is invariant by the geodesic flow ϕ s .
Appendix C. Geometry of T * M
In this appendix, we collect some classical results on Riemannian and symplectic geometry that appear at different stages of this work. Along the way, we recall classical notations that are used all along this article. We refer for instance the reader to [4, 42, 45, 50] for more details. C.1. Musical isomorphisms. Recall that the Riemannian metric g on M induces two natural isomorphisms ♭ : T x M → T * x M, v → g x (v, .), and its inverse ♯ : T * x M → T x M. This natural isomorphism induces a positive definite form on T * x M for which these isomorphisms are in fact isometries. We denote by g * the corresponding metric. C.2. Horizontal and vertical subbundles. Let ρ = (x, ξ) be an element in T * M. Denote by π : T * M → M the canonical projection (x, ξ) → x. We introduce the so-called vertical subspace:
The fiber T * x M is a submanifold of T * M that contains the point (x, ξ). The tangent space to this submanifold at point (x, ξ) is the vertical subspace V ρ and it can be canonically identified with T * x M. We will now define the connection map. For that purpose, we fix Z 2 One can for instance follow the arguments given in Ch. 5 of [55] .
C.6. A natural frame on T * M. In the case M is an oriented surface, one can introduce a "natural basis" on T ρ T * M as follows. Thanks to the fact that the manifold M is oriented with a Riemannian structure, one can define a notion of rotation by π/2 in every cotangent space T * x M (which is of dimension 2). Thus, given any ξ ∈ T * x M \ {0} there exists a unique ξ ⊥ such that {ξ, ξ ⊥ } is a direct orthogonal basis with ξ x = ξ ⊥ x . We use this to define an orthogonal basis of V ρ for ρ ∈T * M:
Y 0 (ρ) := (θ(ρ)) −1 (0, ξ), and U(ρ) = (θ(ρ)) −1 (0, ξ ⊥ ).
Then, we can define an orthogonal basis of H ρ as follows X 0 (ρ) = J ρ Y 0 (ρ), and W (ρ) = J ρ U(ρ).
Note that X 0 is the geodesic vector field and that the family {X 0 (ρ), W (ρ), Y 0 (ρ), U(ρ)} forms a direct orthogonal basis of T ρT * M.
